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Abstract. We prove the conjecture of Frenkel, Kac and Wakimoto |FKW| 
on the existence of two-sided BGG resolutions of G-integrable admissible rep- 
resentations of affine Kac-Moody algebras at fractional levels. 

1. Introduction 

Wakimoto modules are representations of non-twisted affine Kac-Moody algebras 
introduced by Wakimoto [Wak] in the case of and by Feigin and Frenkel |FFlj 
in the general case. Wakimoto modules have useful applications in representation 
theory and conformal field theory. In these applications it is important to have 
a resolution of an irreducible highest weight representation L(X) of an affine Kac- 
Moody algebra g in terms of Wakimoto modules, that is, a complex 



C*(A) C'-^X) C l {\) % C" +1 (A) 



with a differential di which is a g- module homomorphism such that C (A) is a direct 
sum of Wakimoto modules and 



£P(C"(A)) 



L(A) if « = 0, 
otherwise. 



The existence of such a resolution has been proved by Feigin and Frenkel |FF2) for 
any integrable representations over arbitrary g and by Bernard and Felder |BF] and 
Feigin and Frenkel [FF2J for any admissible representation [KW2] over s^. In their 
study of VF-algebras Frenkel, Kac and Wakimoto |FKW[ Conjecture 3.5.1] conjec- 
tured the existence of such a resolution for any principle admissible representations 

over arbitrary g. In this paper we prove the existence of a two-sided resolution 

° 

of in terms of Wakimoto modules for any g-integrable admissible representations 
over arbitrary g f Theorem 16. 10|) . where g is the classical part of g. For a general 
principal admissible representation of g we obtain the two-sided resolution in terms 
of twisted Wakimoto modules (Theorem 16. 14j) . 

Let us sketch the proof of our result briefly. By Fiebig's equivalence |Fie] the 
block of the category O of g containing an admissible representation L(X) is equiva- 
lent to the block containing an integrable representation^. Therefore an admissible 
representation admit a usual BGG type resolution in terms of Verma modules by 
the result of |GL[ IRCW] . Bence the idea of Arkhipov |Arklj is applicable in our 
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situation: One can obtain a twisted BGG resolution of L(X) in terms of twisted 
Verma modules by applying the twisting functor T w [Arklj to the BGG resolution 
of L(X) as we have the "Borel-Weil-Bott" vanishing property [AS] 



for w G W(A), where W(A) is the integral Weyl group of A and £\ : W(A) — > Z>o is 
the length function, see Theorem 15. 191 It remains to show that one can construct 
an inductive system of twisted BGG resolutions {-B* (A)} of L(X) such that the 
complex limfl^(A) gives the required two-sided resolution of L(X), see $6] for the 



We note that by applying the (generalized) quantum Drinfeld-Sokolov reduction 
functor [FKW, KRW] to the (duals of the) two-sided BGG resolutions of admissible 
representations we obtain resolutions of some of simple modules over V7-algebras 
in terms of free field realizations due to the vanishing of cohomology |A1[ IA21 
IA3[ IA41 IA5) . In particular we obtain two-sided resolutions of all the minimal 
series representations [FKW] of the lU-algebras associated with principal nilpotent 
elements in terms of free bosonic realizations. 

This paper is organized as follows. In Sj2]we collect and prove some basic results 
about semi-infinite cohomology [Feij and semi-regular bimodules [Vorlj which are 
needed for later use. In ij^lwe collect basic results on the semi-infinite Bruhat or- 
dering of an affine Weyl group defined by Lusztig Lus] and study the semi-infinite 
analogue of parabolic subgroups. Semi-infinite Bruhat ordering is important for us 
since it describes the space of homomorphisms between Wakimoto modules. The 
semi-infinite analogue of parabolic subgroups is important for the semi-infinite re- 
striction functors studied in fJTj In 2] we define Wakimoto modules and twisted 
Verma modules following |Vor2] and study some of their basic properties. In par- 
ticular we prove the uniqueness of Wakimoto modules which was stated in FF2^ 
without a proof (Theorem l4.6[) . In SjS]we study the twisting functor for Kac-Moody 
algebras. In particular we generalize the Borel-Weil-Bott vanishing property proved 
in |ASj . In Sj6] we prove the main results of this paper. In $7] we study the semi- 
infinite restriction functor and establish the semi- infinite analogue of the generalized 
Borel-Weil theorem |Kos] for minimal parabolic subalgebras (Theorem l7.8p . This is 
a non-trivial fact since admissible representations are not unitarizable unless they 
are integrable. Base on the results obtained in this section in a subsequent paper 
|A6j we prove the conjecture of of Admovic and Milas |AM| on the rationality of 
admissible affine vertex algebras in the category O in full generality. 
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Academia Sinica, Taiwan, in December 2011. He is grateful to those institutes for 
their hospitality. 
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2. Semi-regular bimodules and semi-infinite cohomology 

2.1. Some notation. For Z-graded vector spaces M — 0„ eZ M n , N = neZ N n 
let 

Hom c (M, N) = Uom c (M, N) n , 

Homc(M,N) n = {/ G Hom c (Af, N); f(M t ) c N i+n }, 
£nd c (M) =Uomc(M,M). 

We denote by M* = 0„ eZ (M*)„ the space 'Homc{M, C), where C is considered as 
a graded vector space concentrated in the degree component. If M, N are module 
over an algebra A we denote by Worn a (M, N) the space of all A-homomorphisms 
in Wom c (M, N). 

2.2. Semi-infinite structure. Let g be a complex Lie algebra. A semi-infinite 
structure [Vorlj of g is is the following data: 

(i) a Z-grading g = ngZ Q n of g with finite-dimensional homogeneous com- 
ponents, dime Q n < oo for all n, 

(ii) a semi-infinite 1-cochain 7 : g — >• C. 

Here by a semi-infinite 1-cochain we mean the following: Decompose g into the 
direct sum of two subalgebras 

= 0+ ©0-, 

0+=00" 0-=00*- 

A linear map 7 : g — » C is called a semi-infinite 1-cochain if 7 satisfies 

l(i x ,y}) = tr((adx) + _(ady)_ + - (ady) + _(adx)_ + ) for x,y G g, 

where (ada;)± T denotes the composition g T — f g plo i£^ lon g ± _ 

In the rest of this section we assume that g is equipped with a semi-infinite 

structure such that 7(X^o 0) = u< 

We denote by {/, C7_, the enveloping algebras of g, g + , g_ by respectively. 

These algebras inherit a Z-grading from the corresponding Lie algebras. 

Let O 3 be the category of Z-graded g- modules M = 0„ eZ M„ with dim M n < 00 

for all m which are locally finite for g + 

2.3. Semi-infinite cohomology. Choose a basis {xi\ i G Z} of g such that {a^; i > 
0} and < 0} are a basis of g+ and g_, respectively, and let {c*j} be the 
structure constant: = Y^k c ij x k- 

Denote by C/(g) the Clifford algebra associated with g©g*, which has the fol- 
lowing generators and relations: 

generators: (i G Z), 

relations: {ip i} ip*} = 5ij, {ipi,ipj} = = 0. 

The space of the semi-infinite forms A^ + *(fl) °f * s by definition the irreducible 
representation of CZ(g) generated by the vector 1 satisfying 

V>il = (i>0), i>*l=0 (i>0). 
It is graded by degl = 0, degV>* = 1 anddegV, = -1: A^ + *(0) - peZ A ¥+P (0)- 
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For A G Endc(A T+ *(s)) °f degree n set 

|(-l) n :A0 fe : if Ar > 0. 

Then the following defines a g-module structure on A~ + *(o) : 

(1) x t i ^ i ad(xj) : +7(2^), 
where 

: adxi := } j c% : ipkipj ■ ■ 
j,k 

For M G 6 s , define d G End(M® A^ + *(fl)) by 
Then 

rf 2 =0, d(M«./\ ¥+P ( )) C Af®/\^ +P+1 ( fl ). 

The cohomology of the complex (M® /\~ + *{q), d) is called the semi-infinite Q- 
cohomology with coefficients in M and denoted by H ^ +, (g, M) ( |Fei| fVorTI ) . 

2.4. Semi-regular bimodules. We consider the graded dual U\_ as an g + -bimodule 
by (Xf)(n) = f(nX), (fX)(n) = f(Xn) for / e {/;, X e fl+, n £ £/+. 
Define 

(2) SSg:=Ul® u+ U. 

Then SSg is naturally a left g + -module and a right g-module. It is known |Vorl[ 
Soc2, Vor2 that it admits a g-bimodulc structure : Consider the linear space iso- 
morphism 

SSq S U* + ® c U- S Hom c (U+, U-) = Homu_ (U, f/_(g>cC_ 7 ). 

The left g-module structure of SSg is defined though the isomorphism SSg = 
T-lomu_ (U, [/_®cC_ 7 ). The bimodule SSg is called the semi-regular bimodule of 
g. We have 

S'S'g = U® u+ U* + 

as left [/-modules and right f/+-modules. 

Let M be a g-module and consider the following four left g-module structures 
on SSq® c M : 

(3) TTi(X)(s®m) = -(sX)®m + s®Xm, , n 2 {X)(s®m) = (Xs)®m, 

(4) Tr' 1 (X)(s®m) = -(sX)®m, n' 2 (X)(s®m) = (Xs)®m + s®(Xm), 

for X G g, s G SSg, m G M. Clearly, the two actions 7Ti and 7T2 (resp. 7r^ and ir' 2 ) 
commute. 

Proposition 2.1 (cf. |AG1 6.4]). For M G O 3 the two U -bimodule structures 
{^1,^2) cirid (711,712) on SSq®cM are equivalent. Namely there exists a linear 
isomorphism $ : SSg® c M ^ SSq®cM such that Qott'^X) = ■K i (X)o§ fori = 1, 2, 

leg. 
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Proof. Consider the graded dual M* = ©„(Af*)„ as a graded right g-module by 
the action (Xf)(m) — f(Xm). We have 

SSg® c M = Uom u _(U,U-® c '£-~ l )®cM Homu. {U® C M*, J7_® C C_ 7 ). 

Let : SSq®M SSq®M be the linear map induced from the linear isomor- 
phism 

Uamu_ (C/<g> c M*, f7_<g> c C_ 7 ) Homy, (U® C M*, J7_® C C_ 7 ), 

/ ^ ^ /((l®ff)A(u)), 

and the above identification, where A : U — > U ®c~U is the coproduct. Then we 
have 

o t:' 2 (X) = n 2 (X) o for leg, 

ott'^X) =tt[(X) o*! forXeg_. 

Next let ^2 : SSg®cM ^ SSg®cM be the linear map induced from the linear 
isomorphism 

£/*<8> c f/-(S>cM ^ C/l^c^-^cM, 
f®u®m i ^ /®((l®m)A(u)), 

where M is considered as a right g-module by the action mX = —Xm. Then we 
have 

* 2 °7iiP0 = ° *2 for 1 G g_, 

* 2 o 7r 2 (X) = 7r 2 (X) o * 2 for leg. 

Let $ = $ 2 o*i- It remains to show that $ o 7^(1) = ^(X) o $ for 1 e 0+. But 
from the definition it follows that 

where $\u* ®m is the restriction of $ to the subspace E/£®cC®c-^ C E/+<8>c^-®C-^ = 
SSq^cM. Since SSg®M is generated by t/+<g>cM as over J7_ by the action 7T2 
or 7r 2 , the commutativity of 7ri with n 2 and tt^ with tt' 2 implies the required prop- 
erty. □ 

2.5. Semi-infinite induction. Let f} = © ngZ f)n be a graded Lie subalgebra of 
g such that 7^ is a semi- infinite 1-cochain of f). Following |Vor2. we define the 
semi-induced g-module S-ind^ M as 

S-ind^ M := ff^ +0 (f), SSg® c M), 

where SSg®cM is considered as an f)-module by the action m defined in (j3]). The 
space S-ind^ M inherits the structure of a g-module from the action ir 2 in ([3]) . 

Lemma 2.2. TTie assignment S-ind® : M h-> S-ind^ M defines an exact functor 
from 6^ to O . 

Proof. It is obvious that S-indM £ 6° since SSg® c M e C B . By Proposition O 
we may replace the actions of -k\ and 7T2 on SSg®<cM with 7^ and 7r 2 , respectively. 
Hence 

(5) H^+'(t), SSq®cM) S i/^ +, (f), SSg)® c M. 

Since S'S'g is in particular free over fj_ and cofree over f) + , we have H^ +l (t), SSg) — 
for i by [Vorll Theorem 2.1]. This proves that the functor S-ind? is exact. □ 
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In the case that i) — Q and 70 = 7, we have the following assertion. 

Proposition 2.3 f |Vor2[ (1.9)]). The functor S-indg : 6 s -» O s is isomorphic to 
the identify functor. 

Proof. As +0 (g, SSq) is isomorphic to the trivial representation C of g ( |Vorl[ 
Theorem 2.1]) (0 gives that S-ind® M = M as required. □ 

2.6. Suppose that g admits a decomposition 

g = a©a 

with graded subalgebras a and a such that 7|„ and 7|„ are semi-infinite 1-cochains 
of a and a, respectively. 

Lemma 2.4. SSq = SSa>S>cSSa as left a-modules and right a-modules. 
Proof. First, the multiplication map 

ip : U(a + )®cUl® c U(a + ) -4 SSq 

is surjective since the image is a [/(g)-bi-submodule of SSq. Hence it is an isomor- 
phism by the quality of the graded dimensions. 

Next, since U + = U(a + )®cU(a + ) as left a+ -modules and right a+-modules, 
U+ = U(a + )*(3cU(a + )* as left a+-modules and right a+-modules. The left U(a)- 
submodule generated by U(a + )*®C C ?7* C SSq is isomorphic to SSa, and the 
right [/(a)-submodule C(g>[/(a+)* C SSq is isomorphic to SSa. It follows that 

SSa® c SSa - (U{a)® u{a)+ U(a+)*)® c (U(a + )* u(a+) U(a)) 
^ U(a)® u{a)+ U*® u(u+) U(a + ) h SSq. 

□ 

Lemma 2.5. For M £ O a , S-indf M = SSa®cM a s a-modules, where a acts only 
on the first factor of SSat&cM. 

Proof. We have H ^ +i (a, SSq® c M) = SSa®H ^ +l (a, SSa®M) SSa®M by 
Lemmas E3 and El □ 

3. Semi-infinite Bruhat ordering 

3.1. Affine Kac-Moody algebras and affine Weyl groups. We first fix some 
notation which are used for the rest of the paper. 

o o 

Let q be a complex simple Lie algebra, and fix a Cartan subalgebra f) of g. Let 

00 

A C f)* be the set of roots of g. Choose a subset A + of positive roots, and let 

o 

IT = {ai, . . . , ai} be the set of simple roots, 9 the highest root, 9 S the highest short 
root, A_ = — A+, p = 2 a/2. Let Q = Y1 ^ a C f)* , the root lattice of g, 

o o o 00 o 

Set n = (J) o g Q , n_ = (J) D g Q , where g Q is the root space of g with root a. 

o . 

Let ( I ) be the normalized invariant bilinear form of g. We identify f) with f)* 
using ( I ). Let A v = {a v : a e A}, the set of coroots , Q v = £ o Za v C F) = \* , 
the coroot lattice of g, where a v = 2a/(a|a). 
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o o o 

Let W C Gl(\)*) be the Weyl group of 0, s a E W be the reflection corresponding 
to a E A: s a (X) = A - A(a v )<x 

O 

Let g be the afflne Kac-Moody algebra associated with g: 

Q = °g[t,t- 1 ]®CK, 
The commutation relations of are given by 

[xt m , yt n ] = [x, y]t m+n + mS m+n , (x\y)K, [if, g] = 0. 

o n 

We consider g as a subalgebra of g by the natural embedding g <-} g, x n> xt . 

o o 

Let f) = t) ffiCif , the Cartan subalgebra of g, 1)* = I)* © CA the dual of g. Here 

\*{K) = A (^) = 0, A (if) = 1. The number (A, if) is called the level of A. 

Let A+ re = A v U{a v +nK;a E A long ,n E E}U{a v +r v nK; a E A short ,n E Z} 
be the set of positive real coroots, A w J re = — A^' re the set of negative real coroots, 

o o 

A v ' re = A+ re U A^' re , the set of real roots, where A/ ong and A s h ort are the sets of 

long roots and short roots of g, respectively. Let LI V = {a\, . . . , of, a$ = —9 + if} 
the set of simple roots. 

o 

We have the following action a i-> t a of tj* on fj*: 

t a (X) = X+(X,K)a, XEi}* 

o o 

Dually rj acts on f) as t a (/i) = h—{a 1 h)K. For a subset L c f)* let — {t a \a E L}. 

o 

The Weyl group of g, or the afflne Weyl group W of W, is the semidirect product 

W = VV k to . 

Q v 

The extended Weyl group W e of the semidirect product 

W e = W«i. 

pv 

o o o 

where P v = {X E f); (a, A) 6 2 for all a € A}, the coweight lattice of 0. We have 

v 

where W+ subgroup of W e consisting of elements which fixes the set II . 

To define the set of roots of g, one needs to enlarge f) by a one-dimensional space 

_ o 

CD by letting f) = h © CD = f) © Cif © CD and extend the bilinear form ( | ) from 

J) to by letting (if |fj) = (D|fj) = (if |if) = (D\D) = and (D|if ) = 1. We identify 
f)* with the subspace of f)* consisting of elements which vanishes on D. Thus, 

if = f)*ffiO= rTffiCAoffiO, 

where S is defined by 

<5|„=0, (*,£>> = !. 
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The action of W f)* is extended to f)* by 

o 

■U;((5) =5 w eW, 

t a (X) = A + (A, K)a - ((A, a) + ^(A, K))8, A G ()*• 

_ o o 

For A G f)* let A G f)* , be its restriction to f). 

o o 

Let A+ e = A + U {a + nS; a G A, n G N}, the set of positive real roots, A1 e = 
~A r + e , A re = A' + e UA1 e the set of real roots, II = {a = -6+6, a 1 ,...,a l ] the set of 
simple roots. The reflection s a corresponding a — a + nS is given by s a — i-„Qvs a . 
We set Si = s ai for cti G II. 

3.2. Twisted Bruhat ordering. Let I : W e —> Z>o the length function: £(w) = 
tfA^ n w{A r _ e ). We have 

(6) £(t fi y) = K«NI+ E |l"(«lM)l 

aeA + ni/(A + ) QGA + ny(A_) 

for^GP v ,yGW. 

The twisted length function [Arklj £ y : W e —> Z with the twist y G W e is defined 

by 

e y ( w ) = UA; e n w(A r _ e ) n y (A r + e ) - jjA; e n w(Ai e ) n y(Ai e ). 

We often write £ a (w) for £ ta (w). 

Lemma 3.1. Let w, y G W e . 

(i) Suppose that £(ysi) = £(y) + 1 for i e /. Then 

'p>(w) ifw^ 1 y{ai) G A", 
^(tu) -2 i/w- 1 y(a 4 ) G A re . 

(ii) ^(w) ^^(y- 1 ^) -^y- 1 ). 

Proof, (i) The assertion follows from the fact that A™ n ys l (A r _ e ) = A™ n y(A r _ e ) U 
{y(si)}- (h) We prove by induction on £(?/). If £{y) = then £ v (w) = £(w) — 
£{y- x w). Suppose that £{ys t ) = £{y) + I. If w^yiai) G A r _{ then ^y^w) = 
£(y~ 1 w) + I. Hence by (i) and induction hypothesis, 

£y^( w ) = £V( W ) = ^y^w) - ^y- 1 ) = ^s.y^w) - ^jT 1 ). 

If w~ 1 y(a i ) G A" then £(siy~ 1 w) — £(y~ 1 w) — 1. Again by (i) and induction 
hypothesis, 

p»*(w) = £V( W ) - 2 = £{y- x w) - 2 - £{y- x ) = t^y^w) - £{ Si y- x ). 
This completes the proof. □ 

For wi,W2,y G W and 7 G A re , write u>i — ^ W2 if wi = s 7 W2 and i? y (iui) > 

£ v (iD2)- Below, we shall often omit the symbol 7 above the arrow. Also, we shall 
omit the symbol y under the arrow if y = 1 . By Lemma 13.11 (ii) we have 

(7) wi — > w 2 <^=^ y wx — >y w 2 - 

y 



£ VSi (w) 



TWO-SIDED BGG RESOLUTIONS OF ADMISSIBLE REPRESENTATIONS 



9 



In particular for fi — y{ai) G A+ e , a% G II, and wi,W2 G W such that £ v (w 2 ) 
£ y (wi) — 1 we have the equivalence 

(8) spwi spwi 
y y 

Wl <^> Sj3W 2 

w 2 w 2 

by [BGGi Lemma 11.3]. Define w -< y w' if there exists a sequence wi,w 2 , ...,Wk 
of elements of W such that 

10 > Wi > W 2 > . . . 5- Wk — > w . 

y y y v v 

Note that 

(9) w -< y vJ y~ l w' < y~ 1 w, 

by (O, where ^=^i, the (usual) Bruhat ordering of W. It follows that < y defines 
a partial ordering of W. 

3.3. Semi-infinite Bruhat ordering. Define the semi-infinite length |FF2j £^ (w) 
of w 6 W e by 

ef( w ) = (({a G A+ nm(A re ),a G A+} - fl{a £ A; e n^(A r _ e ),a6 A_}. 
We have 

(10) ^(i A y) = £(y)-2(p|A) 

for A G P v , w G W. 
Set 

P+ = {A G P v ;a(A) > for all a G A+}, 

o o 

We say that A G PY is sufficiently large if a(A) if sufficiently large for all a G A+. 
By (|6]) and (fT0|) we have the following assertion. 

o 

Lemma 3.2. £~{w) — —£~ x (w) for a sufficiently large A G . 
We write 

wi w 2 

for wi,w 2 G W and 7 G A re if u>i = w 2 s 1 and ^(wi) < ^(u^)- (We shall often 
omit the symbol 7 above the arrow.) Define w di^f w' if there exists a sequence 
Wi , w 2 , . . . , u>k of elements of W such that 

to — > wi — > w 2 — > . . . — > Wk — > w . 

~ ~T ~T ~T ~T 

By Lemma |3~21 

o 

w w' w' ^<f A w for a sufficiently large A G PY. 
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It follows that ^ se. defines a partial ordering of W. Following Arkhipov ArkT], we 
call it the semi-infinite Bruhat ordering on W. By Socl, Claim 4.14] the semi- 
infinite Bruhat ordering coincides with the ordering defined by Lusztig [Lusj . 

o 

3.4. Semi-infinite analogue of parabolic subgroups. Let S be a subset of II, 

o o 

As the subroot system of A generated by cti E S, {Oi, . . . , 6> s } the set of longest 

o 

roots of the simple root subsystems in Ag. 
Set 

A s = {a + n5 E A re ;a E A s ,n G Z}, W s = {s a ;aE A s ) C W. 
Then As is a subroot system of A re isomorphic to the affine root system associated 

o 

with A s . Put A s ,+ = A s n A'+ e , the set of positive root of A s . Then Hs = 

o 

Suf— 6\ + 8, . . . , — 9 S + S} is a set of simple roots of Ag. We have Ws = Ws ixt» , 

Q v s 

o 

where Qs = 2 % aV ■ By (flT))) . the restriction of the semi-infinite length function 

to Ws coincides with the semi- infinite length function of the affine Weyl group Ws- 
Define 

W s = {we W;iB -1 (As t+ ) C A; e }. 

Theorem 3.3. 27ie multiplication map Ws x W s — >• W, (tt, u) i— > to, is a bijection. 
Moreover, we have 

£^ (uv) = (u) + (v) foruEWs, vEW s . 

Proof. First, we show the injectivity of the multiplication map. Suppose that 
u\Vi = U2V2 with Ui E Ws, Vi E W s . Then v\ = UV2 with u = u^ 1 U2 E Ws- 
If u ^ 1 then there exists a E As,+ such that u^ 1 (a) E — As,+. But then V2 G W 
implies that v^ 1 (a) = v^ 1 u^ 1 (a) E A r J, and this contradicts that V\ E W s . Hence 
u\ = U2, and so v± = v^. 

Second, we show that the multiplication map Ws x W s —> W is surjective. 
We will prove by induction on ^(w -1 (A$,+) H AH e ) that there exists it G Ws such 
that u~^w E W s . If #(io -1 (As i+ ) n A1 e ) = 0, w E W 5 and there is nothing to 
show. Suppose that §(w~ 1 (As,+) fl A r J) > 0. Then there exists /3 G lis such that 
w _1 (/3) G AH e . Indeed, any element a E As,+ is expressed as a — J2/3£n s n l 3 ^ 
with np E Z>o- Thus w^ 1 (a) = X^en s n i3W~ l (/3) G AH e implies that one of 
must belong to A!l e . Now because (s^w) _1 (As+) = w _1 s^(As + ) = 
w-\A s , + \{fi} U {-/3}) = w - 1 (As,+)\{^- 1 (/3)} U {-w- 1 ^}, 

(s / H- 1 (As,+) n A re = «;- 1 (A s , + ) n A"\{tu _1 (y9)}. 

Hence by applying the induction hypothesis to spw we find an element u E Ws 
such that u~ 1 spw E W s . 

Finally, we prove the equality of the semi-infinite length. By (|10[) , we have 

o o 

^(t^w) = ^(t/j) + £^(w) for any ju G Q v . Hence we may assume that u E Ws- 

o 

We will prove by induction on the length i(u) of u E Ws that t 2 ^ (uv) = £^ (u) + 
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£^(v) for any v G W . Suppose that t{u) — 1, so that u — s, for some i £ S. Let 

o o 

w = G W s with £ Q v , y G W. Note that u G W s is equivalent to that 



(11) if a G A s ,+ then a(fi) = 

Since 



ify- 1 (")eA+, 

1 ify- 1 (a)GA_. 



^ 2 (s^y) = £{t St ^ ) s l y) = £{s l y) - 2(p\fi - ou(n)aq) = £{s t y) - 2(p\fi) + 2ai(n), 

o o 

([TT|) implies that £^~ (s.v) = £^(v) + 1. Next let u = SjWi g Ws with Hi G Ws, 

o 

i G 5, l(u) = l(ui) + 1, so that (a») G A + . Let v = t^y e W s as above. We 
have 

= ^(* 8i ui(/*)SiWiy) = t(siUiy) - 2(p|s<ui(/i)). 

o 

If^(sjUij/) = then A + 9 (wiy) -1 ^) = y~ 1 (u^ 1 (a i )). Hence (a*)) 

by (jlip . which means SiU\(p) — u\{p). By the induction hypothesis, this proves 

that = ff^+lT^). If tfamy) = £(u 1 y) - 1, then A_ 3 {uiy)~ 1 {a l ) = 

y^ 1 (u^ 1 (ai)). So pT|) gives (/i|u^f (««)) = 1, which means SiUi(fi) = Ui(p,) — ol( . 
By the induction hypothesis, this proves that £~ (uv) = £~ (u) +£~ (v) as required. 

□ 



4. WAKIMOTO MODULES AND TWISTED VERMA MODULES 

4.1. Wakimoto modules. Let g, [) be as in 33.11 and let us consider the Z-grading 
of g with go = fy, 01 = ©aGnfl"' wnere g a is the root space of g of root a. Let 

p = p + h y Aq G f)*, where h v is the dual Coxeter number of g. Then (p, a v ) = 1 
for all a G II and 2p define a semi- infinite 1-cochain of g |Ark2j . 

Let O a be the full subcategory of O 3 consisting of modules on which f) acts 
scmisimply. For M G O a let M p = {m G M;hm = p(h)m for all ft G f]}, so 
that M = 0„ ef) * A V Tne formal character of M G £> B is defined by chM = 
E^tdimcM^. 

o o _ 

Let Ln, Ln_ , a and a be graded subalgebras of g denned by 

T ° °r In t- ° °r It 

Ln = n[f,£ L Ln_ =n_[£,t _1 ], 

Then = 2p| = 2p| o = 2p| a gives semi-infinite 1-cochains of Ln, Ln_, a, and 

2p\a gives a semi-infinite 1-cochain of o. 

Define the Wakimoto module W{\) of g with highest weight A G f)* by 

W(A) = S-indS C A , 

where Ca is the one-dimensional representation of f) corresponding to A regarded 
as a a-module by the natural projection o -» f). By Lemma [23] we have 



(12) 



W(X) = SSa as o-modules, 
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and hence 

A 1 l ~ ' as f)-modules, 
otherwise 

(14) chW(A) = chM(A), 

and W(A) is an object of O e . Here M(A) is the Verma module of g with highest 
weight A. 

4.2. Uniqueness of Wakimoto modules. 

Theorem 4.1. Let A G fj* be non-critical, that is, A(K) ^ — h v . Let M be an 

object of O 3 such that 

I otherwise 
as \)-modules. Then M is isomorphic to W{\). 

o 

Let H = i)[t, t~ x ] © CK , the Heisenberg subalgebra of q. Denote by tt\ the 
irreducible representation of % with highest weight A. Then for an object M of O 3 
of level k H ! f + *(Ln, M) is naturally an %-module of level k + h v . 

Lemma 4.2. Let X, M be as in Theorem \4-6\ Then the condition of Theorem^ 
is equivalent to that 

)K\ +h v Ao ifi = 0, 

lerwise. 



H^ +i (Ln,M) 



[0 othe 



Proof. Note that the assumption that A is non-critical implies that H^ + '(Ln, M) 
is semi-simple as an H-module and is a direct sum of ir^s. Consider the Hochschild- 

o 

Serre spectral sequence for the ideal Ln C a. By definition, we have 



E p ' q = Jff-p(f)rt _1 ,^ +9 (in,M)) forp<0, 
1 \o lor p 0. 



By the above mentioned fact H 2 + 9 (Ln,M) is free over t)[t x ]t 1 . Hence 

E p, q = i H^+?(Ln, M))/t)[t- 1 ]t- 1 (H 2 T +c >(Ln, M))) for p = 0. 
\o for p ■■ 0. 

Therefore the spectral sequence collapses at E2 — Eqo, and H^ +l (a, M) — for 
% ^ if and only if H^ +i (Ln, M) = for i ^ 0. Also, H^ +a {a,M) S C A is 
equivalent to if^ +0 (Ln, M) = ir\+h v A - This completes the proof. □ 

Lemma 4.3. Let M be as in Theorem \4.6\ Then M = SSa as a-modules. 

Proof. By Proposition 12.31 it is sufficient to show that S-ind" M = 5* 5*0. So we 
compute H ~2~ +, (a, SSa®M). For this, we consider the Hochschild-Serre spectral 

o . . 

sequence for the ideal Ln C a as in the proof of Lemma 14.21 By definition we have 

(15) E[> q = H^+*(Ln, SSa® c M)® c /\"(5[*- ^t' 1 ), 

(16) EP' q =H- p (i[t- 1 ]t-\H^ + i(Ln,SSa^cM)). 
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Set 

FPSSa= SSa,., 

i ?p (M®c/\ f+ '(Ln)) = C/(f)[^ 1 ]r 1 )®c^ p ^o®cM® c /\~ + '( J Ln), 

o 

where SSa^ = {s e SSa;hs — sh = fj,(h)s for h 6 t)}. It is easy to see that 
{F p (SSa® c Af®cA f+, ( L n))} defines a decreasing, weight-wise regular filtration 
of the complex SS a®cM®c A~ + *(^ n )- Consider the associated spectral sequence 
E' r =>■ H^ + *(Ln, SSa<gicM). Because the associated graded space grSSa with 

o 

respect to this filtration is a trivial Ln-modulc the i?i-term of the spectral sequence 
is isomorphic to SSa(£)cH ^ +, (Ln, M). Hence by the hypothesis and Lemma [4.21 
the spectral sequence E' r collapses at E[ = E'^ and we obtain the isomorphism of 
f)-modulcs 

(17) gr^^+Xin,^a® c A/)-/^ a ^C/Mt- 1 ]t- 1 ) (< = 0), 

\o (<^0). 
By the weight consideration one finds that the composition 

H^ +0 (Ln,SSa® c M) ^ gr H^+°(Ln, SSa® c M) ^ SSa^cU^it- 1 }^ 1 ) 

of the symbol map with the isomorphism (|17[) is a homomorphism of left a-modules. 
Thus by (fT5j) we have 

E ., q ^ f55o®c^(5[t- 1 ]t- 1 )® c A'CSl* -1 ]*" 1 ) (<? = °). 

as left a-modules. It follows that the E^-term of the Hochschild-Serre spectral 
sequence E r H^ + '(a, SSq<8>cM) is given by 



(18) E™ 



SSa (p = q = 0), 
(otherwise.) 



as a-modules. Therefore the spectral sequence collapses at E 2 
M = SSa as required. □ 

Proof of Theorem \4-6\ By Proposition l2.3l it is sufficient to show that S-indg(M) = 

W(X). Let (C m ,d) denote the complex SSq®cM®c A~ + *(fl) that defines the semi- 
infinite cohomology H^ + *(q, SSq®cM). Note that we have the decomposition 

A ¥+, (0)=A^ + *(a)®cA^ + >). Set 

= ^a® c M® c /\^ +P (a)0c/\^ +9 (a), 

so that C n = ® p+9= „C p ' 9 . One sees that the differential d decomposes as d — 
d a + d a , where d a C p ' q C C p < q+1 , d a C p ' q C C p+1 > q . Since d 2 = 1, we have d 2 a = d§ = 
{d a ,(i a } = 0. In particular there is a spectral sequence {E r ,d r ) such that <i = e? a 
and = d a . 

The E'l-term of this spectral sequence is H^ + '(a, U 2 ^ (g)®cM®c A~ + *( a ))j 
where [7^ (g)®c-M®C A" 5 " 1 "*!^) i s regarded as a a-module by the action x{u®m®uj) - 
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—ux®m®uj + u®xm®ui + u®m®ui and /\ T+ *(a) is regarded as a a-module by the 
identification a = g/a. Therefore by Proposition 12.31 and Lemma FOl we have 



(19) i^ 9 



(0)®cC A ®c A^ + *(S) (t = 0) 

(mo) 



of left g-modules. One finds under the isomorphism (fH)]) the complex (i?*'°,<i s ) can 
be identified with the complex for calculating H^ + '(a, SSq®c&\). Therefore we 
obtain the isomorphism 

1 (otherwise) 

as g-modules. Hence the spectral sequence collapses at Ei = Eoo, and we obtain 
the desired isomorphism. □ 

Remark 4.4. For a critical A G f)* one can show in the same manner as Theorem 
14.61 that the restricted Wakimoto module |FF3j W res (X) with highest weight A is 
characterized by the property 



H- +t (Ln, W^ res (A)) = 



Ca for i = 0, 
otherwise. 



Proposition 4.5. Suppose that (A +p,K) g Q>o- Then W(t a oA)~ M(t a o A) 

o 

for a sufficiently large a G PY. 

Proof. Let a be sufficiently large. By the hypothesis (t a (X + p),/3 v ) ^ N for all 
[3 G such that (3 G A+. Therefore it follows from jO] Theorem 3.1] that 

o 

M(t a o A) is cofree over n[t] = a+. Because M(t a o A) is obviously free over 0- we 

have H 2 r +l {a, M(t a o A)) = < ta ° X ' Thus the assertion follows from 

I otherwise. 

Theorem ESI □ 



4.3. Twisted Wakimoto modules. By abuse of notation we denote also by w a 
Tits lifting of w G W e to Aut(g). 

o 

For w G W we have the decomposition g = w(a) ®w(a) and 2p defines a semi- 
infinite 1-cochain of the graded subalgebra w(a). Hence we can define the Wakimoto 

o 

module W W (X) with highest weight A and twist w G W by 



W W (X) = S-i< (a) 



-A, 



where Ca is the one-dimensional representation of f) corresponding to A naturally 
regarded as a a-module. We have 

W W (X) ^ SSw(a) as iu(a)-modules and chW w {X) = chAf(A), 

i/^ +4 (w(o), W W (X)) S J Ca ( * = 0) ' as f)-modules. 

I otherwise 

The following assertion can be proves in the same manner as Theorem 
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Theorem 4.6. Let A £ h,* be non-critical, w £ W. Let M be an object of O 5 such 
that 



H- +i (w(a),M) = 



C A ifi = Q, 
otherwise 



.as \)-modules Then M is isomorphic to W w {\). 

4.4. Twisted Verma modules. Let b = (§) n>0 Q n , the Borel subalgebra of q, 

n - = 0„< o so that = n_ b. 

For w £ W e and A £ f)*, define the twisted Verma module M w {\) with highest 
weight A by 

M»(A)=S-md* (6) C A , 

where Ca is the one-dimensional representation of f) defined by A regarded as a 
w(b)-module by the natural projection w(b) -» fj. We have M W (X) = SSw(n^) as 
w(n_)-modules by Lemma l2~5l and hence 



(20) H^ +l (w{n-),M w {\)) = ^ as fj-modules, 

(21) chM w (X) = chM(A). 

In particular M w (A) is an object of O b . 

The following assertion can be shown in the same manner as Theorem 14.6 



Theorem 4.7. Let M be an object O e such that 

I for jytO 
as \)-modules. Then M is isomorphic to M W (X). 

We write M a (\) for M*°(A), a £ P v . 
4.5. Wakimoto modules as inductive limits of twisted Verma modules. 

o 

Let a £ P^_. Then i_ a (b)_ C a_ and a+ C i_ (f>)+. By [Arkll Lemma 6.1.7] the 
natural map 

induces the homomorphism 

(22) ^ : A/- Q (A) W(A) 

o o 

of g-modules. If «i,a2 £ P+ such that 02 — a\ £ then i_ Ql (b)_ C t_ Q2 (b)_ 
and t_Q, 2 (b)+ C t- ai (b)+. Hence by [Arkll Lemma 6.1.7] the natural map 

/\^ + V Q1 (b)) -> A^V^w n ^( & )) A^ + Vm*)) 

induces the homomorphism 

(23) ^ ai :M'^(X)^M-^(X) 
of g-modules. By construction we have 
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Let {ai, a2, ■ • ■ } be a sequence in PY such that a, — a;_i G PY and lim /3(a n ) = 

n— >oo 

o 

oo for all /3 G A + . Then {Af~ Q ™(A) : a } forms an inductive system of g- 
modules. By jArkll Lemma 6.4.2] we have the isomorphism 

(24) W{\) £ limAf- a "(A) 
of g-modules. Note that 

(25) ^(A)^ = M~ a " (A) M for a sufficiently large n 

for each /i G fj*. 

The same argument show that 

(26) W v {\) £ limM-^^^A) 

o 

for y G W, where {cki, 0:2, • • • } is a sequence as above. 

5. Twisting functors 

5.1. Twisting functors. (See [Arkll lArkSl lATl lA"Sl |A"T] for the details.) For 
each w G W e a twisting functor : O — > O 3 is defined as follows. Let n w 
tl n w _1 (n + ) and set iV^ = C/(n„). Define 

S w = U® N „N*. 

It is known that S w has a [/-bimodule structure and £„, = N*®N m U as right 
17- modules and left iV^-modules. For M G O s define 

T W {M) = ^(S^^jjM), 

where means that the action of q is twisted by the automorphism w of g. This 
define a right exact functor T w : O b — > O 5 such that 

(27) T WSt = T W T Z if on G n, £(w Sl ) = l{w) + 1, 
where Ti = T Si . 

The functor T w admits a right adjoint functor G w in the category O b : 
G W (M) = Rom u (S w ,(j)^ w 1 (M)). 

Lemma 5.1. Let M G O 5 , w G W e 

(i) Suppose that M is free over n w . Then M = G W T W {M). 

(ii) Suppose that M is cofree over w(n w ). Then M = T W G W (M) . 

Proposition 5.2 ( |Arkl[ Lemma 6.3.1]). For A G f)* and w G W 6 we have 

M W (X) = T W M (w^ 1 o A). 
By Proposition 15.21 and |AL[ Proposition 6.3], it follows that 

(28) M w (X) = M(A) if (A + p, a v ) £ N for all a G A™ n w(AH e ). 
Proposition 5.3. For w G W e the functor T w gives the isomorphism 

Hom B (M(A), M(n)) ^ Rom g (M w (w o A), M w (w o /x)) 
/or A, /i G f]*. ZTie inverse map is given by G w . 
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Proof. By Lemma IBTTl (1) and Proposition 15.21 we have 
Hom fl (M(A), M(/i)) ~ Hom (Af (A), G w T w M{ f ij) = Rom g (T w M(X), T w M(p)). 

□ 

We set T a = T ta , G a = G ta for a G P v . 

o 

Proposition 5.4. Let a G P+ , A G rj*. 

(i) T_ Q ^(A) -^(UoA). 

(ii) G_q,M^(A) = W(i a oA). 

o o 

Proof, (i) Let {71,72,...} be a sequence in PY such that 7; — 7j_i G PY and 

o 

lim /3(7„) = 00 for all /? G A + . Set 7- = 7, + a. Then the sequence {7,, 7 2 , . . . } 

satisfies the same property. Hence by (p4|) . (|27|) . Proposition 15.21 and the fact 
that a homology functor commutes with inductive limits we have T_ a W(A) = 
T_ Q (lim M~~ ii (A)) = limT_ a M" 7i (A) = limT_ Q T_ 7i M(-t 7i oA) = HmT_ 7! M(-^o 

A) = limM-T<(t Q o A) = W(i a o A), (ii) Since n t _ a C a_, W(X) is free over n t _ a . 
Hence W(t a o A) = G — a T— a W (t a o A) G_ ct H / (A) by Lemma[5J]and (i). □ 

O 

Corollary 5.5. For ct G PY } the functor G_ Q gives the isomorphism 

Hom B (H r (A), M/( M )) = Kom 3 (W(t a o A), W(t a o M )). 

/or A,/j 6 I)*. TTie inverse map is given by T_ Q . 

The following assertion follows from Proposition ^. 51 and Corollary 15.51 

Proposition 5.6. Let A,/i e |* 6e o/ Zewe/ A:, and suppose that k + h v g" Q>o- 
TTien 

Hom £J (H r (A), M/(/i)) Hom (M(f Q o X),M(t a o ^)) 

o 

/or a sufficiently large a G P^. 

5.2. Left derived functors of twisting functors. The functor T w , w G W e , 
admits the left derived functor in the category O b since it is a Lie algebra homology 
functor: 

dT w (M) = <f> w (Hi(Q,S w ® c M)), 
where g acts on AT*®cM by the action X(f<gmi) — —fX<E>m + f<EiXm. Note that 
(29) C t T w {M) = ^(Hiin^N^cM)) 

as u)(n,i,)-modules. In particular we have the following. 

Lemma 5.7. Suppose M G O 3 is free over n w . Then CiT w (M) — for i > 1. 

Set I := {0, . . . ,£} and let {e l: hi, i G I}, e l G Qi , G £J- Qi , be the Chevalley 
generators of g. For i G /, let sl^" 1 denote the copy of in q spanned by {e,, h,-, /,} 

Proposition 5.8. Let M G O a , i £ I. Denote by N the largest -integrable 
submodule of M. Then T t (M) = T^M/N), chCiT°{M) S c\iN and C p Ti(M) = 
for p > 2 . 
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(i) (i) 

Proof. Let T ; denote the twisting functor for sl 2 corresponding to the reflection 
s at . Because T t (M) ^ T^{M) as s$ -modules and ^-modules, we have 

(30) &Ti(M) = dT^{M) as s [^-modules and f)-modules. 

In particular CiT a (M) = for i > 2. Thus the exact sequence 

->■ N ->• M -> Af/JV -> 0. 

yields the long exact sequence 

-> CiTi(N) -> £iTj(M) -> CiTi(M/N) 

-> Ti(JV) -> 7i(M) -> T t (M/N) -> 0. 

Because M/iV is free as C [/^-module dT^M/N) = by {30J). Also, T,(iV) = 
and CiTi{N) = N as ^-modules by AS, Theorem 6.1] and ([50]). This completes 
the proof. □ 

Let L(A) £ s be the irreducible representation of g with highest weight A. 

Theorem 5.9 ( |AS[ Theorem 6.1]). Let A e f)* and suppose that (\,aY) E Z> 
tm'i/i a, ell. TTien 



£ p Ti(L(A)) 



L(A) tfp=l, 
i/p^l- 



Proof. The hypothesis implies that L(X) is st^-integrable. Therefore C p Ti{L(X)) 



for p ^ 1 and ch. C x Ti(L{\)) = chL(X) by Proposition EH □ 

5.3. Twisting functors associated with integral Weyl group. For A G t)* let 

A(A) and W(A) be its integral root system and integral Weyl group, respectively: 

A(A) = {a £ A re ; (A + p, cv v ) G Z}, 
W(A) = (s a ;a G A (A)) C W. 

Let A(A)+ = A(A) n Ai; e the set of positive roots of A(A), n(A) C A(A)+ the set 
of simple roots of A(A), t\ : W(A) — > Z>o the length function. 



Lemma 5.10. Let A G t)* , a G n(A). There exists x E W and a, £ II suc/i i/iai 
a = a;(aj) ana 
a; _1 (A(A)) anc 



a = a;(ai) and l{s a ) = 2l{x) + 1. We /iaue A(A)+ n x{A r _ e ) = 0, A^" 1 o A) = 



Wix- 1 o A) = ^ _1 W(A)a; = W(A). 

Proof. The first assertion can be proved by induction on £(s Q ). The second assertion 
follows from the first assertion and the hypothesis that a G LT(A). The remaining 
two assertions follow from the second. □ 

Let C^ A j be the block of O 3 corresponding to A, that is, the full subcategory 
of O s consisting of objects M such that [M : L(p)] ^ => p 6 W(A) o p, where 
[M : L(p)} is the multiplicity of L(p) in the local composition factor of M. 

Lemma 5.11. Let A G i}* , on G II. Suppose that (A + p,a() g Z. Then TjAf(A) = 
M(sjoA), TiL(wo\) = L(siWoX) form £ W(A). Moreover Ti gives an equivalence 
of categories Of x] ^ <9f s . oA] - 
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Proof. The first assertion follows from (|28|) . By |A1[ Theorems 3.1, 3.2] any object 
of 0® A j and C^ s oA ] is free over C[/j] and cofree over C[a}. Hence by Lemma UTTl T, 
gives the equivalence of categories 0fL ^ 0? oA j with a quasi-inverse Gi. It follows 
that TiL(X) is a simple g-module which is a quotient of TiM(A) = M(si o A), and 
hence is isomorphic to L(si o A). □ 

Lemma 5.12. Let X, ai be as in Lemma [5.11\ Then Tf : O?^ — > Oj^ is isomorphic 
to the identity functor. 

Proof. By Lemma 15.111 T? induces an auto-equivalence of the category OA, such 
that T?M{w o A) ^ M(w o A) and Tf(L(w o A)) ^ £(uj o A) for all w 6 W(A). The 
standard argument shows that such a functor must be an identify functor. □ 

The following assertion also follows from (|27|) and Lemma T5.12I 

Proposition 5.13. Let Xet)*, w = s a y G W(A), y G W(A), a G 11(A), £ A H = 
£^(y) + l. ThenT w : Of^ — > O?^ is isomorphic to the functor T Sa oT y : — > OL 

Lemma 5.14. Let X, a t be as in Lemma{5JJ\ Then T i M w {X) = M SiWSi (si o A) 
for w G W(A). 

Proof. We have TiM w (X) = T{T W M (w^ 1 o A) = T^TiM^w- 1 o A) by Lemma 
15.111 Hence the assertion follows from (|2"T)l and Lemma T5. 121 □ 

Lemma 5.15. Lei A G t)*. u> G W(A), a G n(A) sucft t/iat £a(s q u>) = ^x(io) + 1. 
Then G Sa M s ° w (X) M" , (s a o A). 

Proof. Let i e W and a, £ II be as in Lemma ISTTDI Then T Sa = T x TiT x -i, 
G a = G x -iG l G x . By Lemmas EH EH EH and Proposition EH 

G Sa M s " w (X) = G x -iG i G x T x T l T x -iM w {s a w o X) G x -iG l T l T x -iM w {s a w o A) 

S G^GiTiAF'^arVw o A). 

We have Si,x~ 1 wx G W(x~ 1 X) and ^-^(sia: uke) = l x -i \{x~ 1 wx) + 1, and 
hence, ^(sia; _1 it;x) = £(a; + 1. Therefore 

G l T i M x ' lwx (x~ 1 s a w o A) S M^^tj;-^^ o A). 

Hence we conclude that G Sq M s °™(A) ^ G a .-iM x_1,ux (x- 1 s a u;oA) = G a -iT x M™(s a wo 
A) = M w (s a w o A) by Lemmas 15.121 and 15.141 as required. □ 



Recall that a weight A G f)* is called regular dominantii (X+p, a v ) {0, —1, —2, . . . } 
for all A+. 

Theorem 5.16. Let X be regular dominant, w,w',y G W(A). Then 
dime Hom g (ikP(u; o X),M v (w' o A)) 



1 if w < y w' , 
otherwise. 



Proof. By Lemma 15.151 we have 

Hom fl (M !/ (iu o A), M v (w' o A)) = Hom^M^ -1 ™ o A),M(y _ V o A)). 
Hence the assertion follows from ([9]) and |KT1 Proposition 2.5.5 (ii)]. □ 
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Proposition 5.17. Let A 6 f)*, w G W(A), a G n(A) and suppose that (w(X + 
p),a v ) 2" N. TTien £/ie following sequence is exact: 

->■ M (s Q u> oA)^l M(w o A) ^> M s ° (to o A) ^ M Sa (s a w o A) -> 0, 
where ipi,if2,<P3 are any non-trivial g-homomorphisms. 

Proof. First note that Rom g (M(s a w o A) , M (w o A)), Hom B (M(w o A), A/ s ° (to o A)) 
and Hom g (M Sa (w o A), M(s a w a A)) are all one-dimensional. 

By Lemma 15.101 there exists £ G W and a, G II such that a = a;(aj) and 
£(s a ) = 2£(x) + 1. Since x- 1 ( A (A)+) C by ((Ml) we have 

M(y o A) = T x M(x~ 1 y o A), 

M s =(y o A) = T^T^Mixs^y o A) S T^M^x^y o A) £* T x M^M{x' x y o A) 
for y G W(A). 

Now since (x _1 ui(A + p), a/} = (io(A + p), a v ) G N there is an exact sequence 
— > M(s l x~ 1 w o A) -> Af(i^woA) -> Af Si (x _1 u; o A) ->• M s *(si£c _1 io o A) 

by |AL|, Propostion 6.2]. Applying the exact functor : C^.-i oA j — > ®[\]' we 
obtain the required exact sequence. □ 

Proposition 5.18. Let A G \)* , a G 11(A), M G OL. Take a, G II, x G W 
suc/i i/iarf a = a;(o!,) and £(s a ) = 2£(x) + 1 as in Lemma [5lU Let N' be the 
largest sl^ -integrable submodule of T x -i(M) and set N — T X (N') C Af. Traen 
T a (M) = T Sa {M/N), chdT Sa (M) = chN and C p T Sa (M) = /or p > 2. 

Proo/. We have T Q = T x T t T x -i, and T x -x : Of A] -> 0f a _i oA] , T, : O b x _ 1oX -)• 0f A] 
are exact functors. Therefore C p T Sa (M) = T x (£ p Ti (T x -iM) ) . It follows from 
PropositionElthat T Sa (M) = T x T{f x -i{M) = T x T,{T x -iM/N') = T x T t T x -i{M/N) 
T Sa (M/N), ch£iT SQ (Af) = chT a: T a .- l (JV) = chA, and C p T Sa (M) = for p > 
0.° □ 

Theorem 5.19. Let A G f)* 6e regular dominant weight, w G W(A). XTien 

'l(A) ifi = £ x (w), 
otherwise. 

Proof. Let a G n(A). From Theorem 15.91 and Lemma r5.12l it follows that 

'L(A) if i = 1, 
otherwise. 

By Proposition 15 . 1 31 the assertion follows in the same as in AS, Corollary 6.2]. □ 

6. Two-sided BGG resolutions of admissible representations 

6.1. Admissible representations. A weight A G fj* is called admissible if it is 
regular dominant and 



CiT w {L{\)) = 



(31) C z T Sa (L{\)) = 



The irreducible representation L(X) is called admissible if A is admissible. A com- 
plex number k is called an admissible number for q if the weight kAo is admissible. 
Let r v be the lacing number of q, that is, the maximal number of the edges of 

o o 

the Dynkin digram of g. Also, let h be the Coxeter number of g. 
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Proposition 6.1 ( KW2, KW3 ). A complex number k is admissible if and only if 

(32) fc + /i v = ^ withp,q G N, (p,q) = 1, p > 

In this case II(fcAo) = {ai, . . . , at, do}, where do = 

An admissible number k of the form (|32[) is called an admissible number with 
denominator q. For an admissible number k with denominator q we have 

W(fcAo) = W x t o qv W if(r v ,g) = l, 
W(fcAo) = W x t o = L W if(r v ,g)=r v . 

qQ 

where L W is the Weyl group of the non-twisted affine Kac-Moody algebra L g as- 
sociated with the Langlands dual L g of q. We set s = Sd e W(fcA ), so that 
W(fcAo) = (s 1 ,...,s i ,s ). 

For an admissible number k let Prt be the set of admissible weights A of level 

o 

k such that A(a v ) G Z> for all a G A+. Then {L(A);A G Pr k } is the set of 

o 

irreducible admissible representations of level k which are integrable over g. We 
have A(A) = A(fcAo) for A G Pf k - Next, for an admissible number k, let Prk be 
the set of admissible weig hts A of level k such that A(A) = A(fcA ). Then |KW2j 

(33) Pr k = [J Pr k , y , Pr k , y = y o Pr+ . 

JEW 
y(A(fcA )CA^ 

Note that 

(34) W(A) - yW^Ao)^ 1 for A e Pr fc>1/ . 

For AG Pr k , let £^(?) with y G W(A) and (?) be the twisted length function 
and the semi-infinite length function of the affine Weyl group W(A), respectively. 
Also, the twisted Bruhat ordering and the semi- infinite Bruhat ordering ^<«i 
are defined for W(A). 

The admissible weight A G Pr k is called the principal admissible weight if A(A) = 
A re , that is, if the denominator q of k is prime to r v . 

6.2. Fiebig's equivalence and BGG resolution of admissible representa- 
tions. The following theorem is the special case of a result of Feibig [Fiel Theorem 
11]. 

Theorem 6.2 ( [Fie] ) . Let A be regular dominant. Suppose that there exists a 
symmetrizable Kac-Moody algebra q' whose Weyl group W is isomorphic to W(A). 
Let X' be an integral dominant weight of Q 1 , ®¥\n the block of O containing the 

irreducible highest weight representation L B (A') of g with highest weight A'. Then 
there is an equivalence of categories 

u [\] - u {\>] 



ft v if(r\q) = l, 
h z/(r v ,g)=r v . 

-9 + qS tf(r v ,q) = l, 
-e s + ^S if(r\q)=r^ 
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which maps M {wo X) andL(wo\), w G W(X), to M B '(</>(u;)oA') and L°(<p(w)oX'), 
respectively. Here M s (A') is the Verma module of g' with highest weight X' and 
4> : W(A) W' is the isomorphism. 



Let k be an admissible number with denominator q, A G Pru- By Theorem 16.21 
the block OR-, is equivalent to a block of the category O of g or L g containing an 
integrable representation. In particular the existence of a BGG resolution of an 
integrable representation of an afhne Kac-Moody algebra }GL[ IRCWj implies the 
existence of a BGG resolution for L(X): 

Theorem 6.3. Let k be an admissible number, X G Pr%. Then there exists a 
complex 

B.(A) : • • • ^ B 2 (X) % Si (A) ^ B (A) ^ 



o/ i/ie /orm £>i(A) = (J) Af(w o A), di — d w >, w , d w<w i G Hom g (Af(w • 

A),M(w/ o A)), such that 

H t (B.(X))^{ LW i/z = °' 

otherwise. 



The resolution of £(A) in Theorem 16.31 can be combinatorially constructed as 
follows |BGGj : Fix a g-homomorphisms i^, : M(w o A) — > M(w' o A) for w, w' G 
W(A) with w ^ w' such that ° i^,/^ = i^" w w <w' ^w. 

Theorem 6.4. Let k be an admissible number, X G Pr^. Assign e WltVl2 G C* for 
every arrow w\ — » W2 o/W(A) in such a way that e Wl , W2 e W2tW4 +e WltW3 e W3 , Wi = for 
every square (wi, 11)2,11)3,11)4) of\V(X) (such an assignment is possible by [BGGj ). 
Set d w ^ w ' — € w > ,w^tx;f uj> d{ d w ^ w '. Then 

B.(A) : •• • 4 82(A) ^ Si(A) ^ B (A) ^ 0, 
where B;(A) = ® M(w o A) , is a resolution of L{X). 

™ew(A) 

6.3. Twisted BGG resolution. For wi,u>2,y G W(A) with wi ^ W2, let 

= ^(^- lw2) ,- lwi ) : M y (wi o A) My(w 2 o A), 

see Proposition 15.31 



Theorem 6.5. Let k be an admissible number, X G Pru, y G W(A). Assign 

A. w G C* for every y-twisted arrow w\ —y u>2 of W(A) in such a way that 

1, 2 y 

^w^w^+^w^w^ = 0/or every y-twisted square (w 1 ,w 2 ,w 3l w 4 ) ofW(X). 
Set B'f(X) = M»(«i o A), d^ w , = d« = £ d^, : 

B^A^B^A). Then 

BJf(A) : • • • ^ Bf (A) ^ Bj'(A) 4 B y (A) ^ Bf (A) ->...-> B^ (y) (A) -> 
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is a complex of Q-modules such that 



L(X) for i = 0, 
otherwise. 



Proof. Set ^ y -^wi,y- 1 w2 = e w!,w 2 - Then {e%, 1 ,w 2 } satisfies the condition in Theorem 
if and only if {e y -i Wl y -i W2 } satisfies the condition in Theorem 16.31 In particular 
such an assignment is possible. Consider the BGG resolution £>.(A) of L(X) in 
Theorem 16.31 associated with this assignment. We have B v (\) — T V (B,(X))[— £(y)], 
where [— £(y)] denotes the shirt of the degree. Therefore the assertion follows from 
Proposition [5?2l Lemma [5?7l and Theorem 15. 191 

□ 

6.4. System of twisted BGG resolutions. 

Proposition 6.6. Let A G fj* be regular dominant, y — Sf3 i sp 2 . . . sp l a reduced 
expression of y £ W(A) with fti G n(A). Set y^ — s^ 1 s ) g 2 ...sp t for i — 0, 1, . . . , I 
and fix a non-zero Q-homomorphism <jjv* : M Vi (wo\) — y M yi+1 (wo\) forw G W(A), 
i = 1, . . . , /. Then one can assign e l Wl W2 G C* for each yi-twisted arrow W\ — > W2 

in such a way that the following hold for all i = 1, . . . , I. 

(i) ^ Wl ,w 2 € w 2 ,w 4 + ^wuw^ws^ = f or every y.-twisted square (w u w 2 ,w 3 ,w 4 ) 
ofW(X), 

(ii) If wi -> w 2 , wi -> w 2 , l Vi (wi) = £ Vt - 1 (wi) and £ Vi (w 2 ) = £ v '- 1 (w 2 ), 

Vi Vi-l 

then the the following diagram commutes. 



>-,Vi 



M Vi - 1 (wi o A) — — — — -+ Mf*- 1 ^ A) 

(35) *Z\-i 

i a, Vi 

M y (wi o A) 6mi "" J2 ' P " J2,mi > M y (w2 o A). 

Proposition 6.7. Let A G I)* be regular dominant, y G W(X), a G n(A) such that 
h(ys a )=£x(y) + l. Setp = y{a) 

(i) Let w\,w 2 G W(A). Suppose that w± — > w 2 , w% w 2 and £\{uii) = 

y ys a 

£ y x Sa (wi). Then 

dime Hom g (M s (wi o A), M ys °> (w 2 o A)) = 1. 

Moreover, both of the followings span Hom 3 (I\I y (wi o A), M ySa (w 2 A)). 

(a) the composition M y (w\ o A) — > M v {w 2 o A) —> M ySa (w 2 o A) of any 
non-trivial Q-homomorphisms, 

(b) the composition M v (w\ o X)^M ySc " (wi o \)-^M ySa (w 2 ° A) of any 
non-trivial Q-homomorphisms. 

(ii) Let Wx,w 2 G W(A). Suppose that £\{w x ) = £\{w 2 ) + 2 and wr x {j3) G A™ 
fori = 1,2. Then the composition M y (w\o\) — > M y (w 2 o\) — > M ySa (w 2 o 
A) of any non-trivial homomorphisms is non-zero. 

(iii) Let w G W(A) and suppose that s a w — > w. Then the composition M y (s a wo 

y 

A) — > M y (w o A) — > Al ySa (w o A) of any Q-homomorphisms is zero. 
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Proof, (i) First note that 

Uom (M y ( Wl o \),M v (w 2 o A)) ^ Hom g (M(y^ 1 wi o \),M(y~ 1 w 2 o A)), 

Hom B (M y (u)i o\),M VSa (w 1 o A)) Hom 8 (M(y _1 u;i o A), M s ° o A)), 

Hom B (M^(u) 2 o A), Af^(u> 2 o A)) S Hom fl (M(y _1 w 2 ° A), M s ° (y~ 1 w 2 o A)), 

Hom fl (M 9S ° (wi o A), M ys ° (iy 2 o A)) ~ Hom fl (M(s Q <T V o A), M(s a y _1 K;2 ° A)) 

by Lemma l5.18l In particular they are all one-dimensional. Also, the same lemma 
implies that 

Uom(M y (wi o X),M ys "(w 2 o A)) = Hom(M(^ 1 i« 1 o A), M s " (y~ 1 w 2 a A)). 

On the other hand since y Wi — > y~ 1 w 2 , the Jantzen sum formula implies that 

[M(y- 1 w 2 o A) : LforV ° A)] = 1. 

Hence by (f2T|) [M s = (t/ _1 u> 2 o A) : L(y~ 1 w\ o A)] = 1, and therefore, 

dim c Hom(M 2/ (wioA),M !/Sa (w 2 oA)) < 1. 

It remains to show that the compositions in (a) and (b) are non-trivial. By the 
above, this is equivalent to the non-triviality of the compositions 

M(y~ 1 wi oA)^ M(y~ 1 w 2 oA)^ M Sa (y~ 1 w 2 o A) 

and M(y~ 1 w 1 oA)-> M s " (y~ l wi o A) -> M s °(y _1 w 2 o A), 

respectively. Therefore we may assume that y = 1. 

Since (w 2 (A + p),o v ) e N, we have the exact sequence 

(36) 0-tM (s a W2 oA)-> M (w 2 o A) -> M s ° (w 2 oA)^ M s ° (s q w 2 oA)^0 

by Proposition 15.171 On the other hand wioA^ s a w 2 o A as we have the square 

Wi 




s a w 2 



by the assumption and ©. Hence the image of the highest weight vector of M(w\ o 
A) in M{w 2 o\) is not in the kernel of the map M(w 2 oA) — > M Sa (w 2 o\). This proves 
the non-triviality of the composition map in (a). Next we show the non-triviality 
of the composition in (b) . Consider the exact sequence 

-)• M(s a wi oA)-> M (s a w 2 o A) -> N -> 

in the category OL where iV = M(s a w 2 o X)/M(s a wi o A). Applying the functor 
T Sq we obtain the exact sequence 

->• CiT Sa N -> M Sq (ioi o A) -> Af s " (w 2 oA)-> TiN -> 0. 

By Proposition 15. 18i the weights C\T Sa N is contained in weights of iV, and hence 
of M(siW 2 o A). Therefore the image of the highest weight vector of M(w\ o A) in 
M Sa [wi o A) does not belong to the kernel of the map M Sa {w\ o A) — > M Sa (w 2 o A). 
This competes the proof of (i). (ii) Similarly as above, the problem reduces to the 
case y = 1. By the assumption we have spwi —> w\, spw 2 — > w 2 . Hence wi ^ spw 2 
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because otherwise (wx,spWi,spwi,W2) is a y-twisted square. Hence (|36|) proves 
the assertion, (iii) Again we may assume that y = 1 and the assertion follows from 
(HO). □ 



Proof of Proposition \6.b\ We prove by induction on i that such an assignment is 
possible. 

As is already remarked the case i = is the well-known result of |BGG| . Suppose 
that wi — > W2 with i > 1. Set (3 — j/i_i(ai) G A+ . The following four cases are 

Vi 

possible. (The case wV 1 ^) G A™, w^tf) G A r _ e does not happen by [BGG[ 
Lemma 11.3].) 

I) wr 1 ^)^," 1 ^) G A™. In this case toi -> w 2 , P'W = ^^(wi) and 

Vt-i 

l Vi (ui2) = t Vi - 1 (w2). By Proposition 16.71 there exists a unique e l Wl W2 which makes 
the digram (1351) commutes. 

Ill) w\ — spW2- In this case W2 — > Wx, t Vi {w\) — i Vi - 1 {w\) — 2 and i Vi {w2) = 

£y^(w 2 ). We set 4^ = 4^- 

Ill) w7 x {P),W2 l {P) G AH e . In this case w x -> iu 2 , P'(wi) = F^fwi) - 2 

l Vi {w2) = l yi ~ 1 {w2) — 2, and we have the following ^-twisted square. 

SpWl 



spw 2 




Note that t\ pWltSfiW2 is defined in I), and e^,^, 4 2 , s „™ 2 are defined in II). We 
set 

\ 6l > € W 1 ,W 2 — i 

IV) wV l {!3) G A!l e , W2 1 ((3) G A!J_ e , W2 ^ spw\. In this case there exists a 
unique W3 G W such that (spwi, wi, W3, W2) is a j/i-twisted square. Note that 
w7 (f3) G A^ e because (1V3, w 2 , spW3, spW2) is a y^-twisted square by (JSj) . Since 
e s^u)i,u) 3 an d e L 3 ,iD 2 are defined in I), and e l s „ Wl>Wl is defined in II), we can set 

foo\ i _ e spw 1 ,w 3 e w 3 ,w 2 

\ M ) e W!,W2 ~ i 

e s fl w 1 ,w 1 

Now let (wi, W2, W3, Wi) be a y^-twisted square. Set 

A 1 \ y -Wi,W2^W2,W i 

A i {Wi,W2,W 3 ,W4 : j - 

We need to show that Ai(w±, W2, W3, W4) = — 1. 
The following four cases are possible. 

1) = spuii, W4 — spW3. In this case the assertion follows from the definition 

dHTJ). 

2) W2 = spwi, W4 ^ spW3. In this case (s^w) _1 (/3) G A1 e , and w7 ((3) G A J + 
because otherwise W3 = spw±. Hence the assertion follows from the definition (|38]l . 
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3) W2 7^ spwi, wa = S/3W3. In this case {spWi,w\,spW2-Wi), (spwi,wi, spWz, W3), 
(s/3U>2, W2, S3, u>i) are ?/i-twisted squares. 




We have by 1) 

Ai(spWl, Wl, SpW2,W2) = Ai(si3W2,W2,W 3l SpW3) = -1 

and by 2) 

Ai(spWi, wi,spw 2 ,w 3 ) = -1. 

But 

Ai(wi,w 2 ,w 3 ,spw 3 ) 

= A i (spW 1 ,Wi,SpW2,W2)Ai{spW2,W2,W3,SpWz)A i {spWi, Sf3W 2 ,Wi,W 3 ). 

Hence the assertion follows. 

4) W2 spwi, W4 7^ spW2- we see as in |BGG[ p. 57, c)] that u>4 ^ spW2, spw 3 , 
and hence as in [BGG, p. 56, 1)] we find that (spwi, spW2, spW3, spWi) is also a 
j/i-twisted square. Hence w~ 1 (f3) £ Al e for all i or u', i " 1 (/3) £ A r J for all i. 

First consider the case wj 1 {f3) £ A+ for all i. Then by the definition I) we have 
the commutative diagram 

i-l i-l A .Bi-l 

(39) ^v 1 } j^T 1 

M»(wioA) S^/-,,-!^--^ Mv(w A o\) 

for a = 2,3. Since e^^e 1 '^ = -ei^ W3 e^ 3 ] Wi by the induction hypothesis the 
commutativity of the above diagram implies that e l WuW2 e l W2iWi = —e-w ltW3 ^w 3lW4 by 
Proposition 16. 71 (ii). 

Next consider the case w~ 1 (f3) £ A!l e for all i. Then {spw\,Wx, spw 2 ,W2), 

(spWi,Wi,Si3W 3 ,W 3 ), (8pWi,8pW2,SpW3,SpW4), {spW 2 , W 2 , W 4 ) and (spW3,Ul3,SpWi,W4) 

are all ?/i-twisted squares. Hence the assertion follows from the equality 

Ai(wi,W 2 ,W 3 , W 4 )Ai(sfjWi, 8pW2,W\,Wz)Ai{apWi,Wi,8pW3, w 3 ) 
= Ai(8pWi, SpW2, S0W3, SpW4)Ai(spW2,W2, SpW 4 , WijA^SpW^, SpW^, W 3 ,Wi). 

□ 

Let k be an admissible number, A £ Pr^. Let y £ W(A), {j/i}, { e Jo l!t02 } be 

as in Proposition l6.6l Because {e t WltW2 } satisfies the condition in Theorem [53] there 
is a corresponding twisted BGG resolution BV (A) of L(X) for i = 0, 1, . . . , I = l\(y). 
Define 

$»h-i.w = : B»( w o A) -> A). 

iuew(A) 
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Proposition 6.8. In the above setting gives a quasi- isomorphism B%'(\) ~ 

Bm' +1 (A) of complexes for each i = 0, 2, . . . , / — 1. 

Lemma 6.9. Let A G f)*, 6e as in Provosition \6.6l w\,W2 S W(A). 

(i) Suppose that w\ — > u>2, £ Vi {w\) — £ yi+1 (w±). Then w\ — > ui2- 

Vi Vi + l 

(ii) Suppose that Wi — > w 2 , £ yi (w 2 ) — £ Vi+1 (w2). Then either of the following 

Vi 

two holds. 

(a) W2 = spW\ and W2 — > w%. 

Vi+l 

(b) Wl —> U)2- 

Vi+l 

Proof. (1) By assumption spwi — > W2- Therefore {sbw\,w\,sbW2,W2) is a yi- 

Vi 

twisted square. (2) Similarly, if W2 ^ spw\ then (spWx, w\, S8W2, W2) j/i-twisted 
square. The W2 ^ spw\ case is obvious. □ 

Proof of Proposition 1 6. 81 The fact that "f^ 1 defines a homomorphism of complexes 
follows from the commutativity of (|35|) . Proposition l6 . 71 (iii) , and Lemma [6791 Since 
both complexes are quasi-isomorphic to L(X), to show that it defines a quasi- 
isomorphism it suffices to check that it defines a non-trivial homomorphism between 
the corresponding homology spaces. This follows from the fact that <fi\ l : M Vi (X) — > 
M Vi+1 (y) sends the highest weight vector of M Vi (A) to the highest weight vector of 
Jlf'+'jA). □ 

6.5. Two-sided BGG resolutions of G-integrable admissible representa- 
tions. For A G Prk set 

W'(A) = {w G W(X);£J(w) = i}. 
We note that W*(A) is an infinite set unless g = s^. 

Theorem 6.10. Let k be an admissible number, A G Prt 

(i) The space Hom £! (W / (woA), W{w'oX)) is one- dimensional for w,w' G W(A) 
such that w — > w' . 

(ii) There exists a complex 

C"(A) : ► C- 2 (A) 'H 2 C-^A) C°(A) ^ C^A) ^ C 2 (A) ^ • • • 

m i/ie category O of the form 



suc/i £/ia£ 

iT(C'(A)) 



L(\) for i = 0, 
fori^ 0, 



where d w / w with w ^ w' is a non-trivial ^-homomorphism W(w o A) — > 
W(w'oX). 
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Proof, (ii) Let q be the denominator of k and set M = qQ v if (r v ,q) = 1 and 

o o 

M = qQ if (r v , q) = r v , so that W(A) = W k f m • Let (3i,f3 2 , . . . , be a sequence in 

o o o 

P + v nM such that A - /3 e P+ n M, lim = oo for all a e A+. 

By Proposition 16.81 there is an inductive system {£>. *(A)} of twisted BGG res- 

-ft 



olutions. Let <B%.(A) be the complex S. (A) with the opposite grading. Thus it 



is a complex 



B'_ (X) % 2 BT^A) ^ S° A (A) 3 fli (A) 



oftheformS^(A)= M~^ € (w o\), d p = E 

ew(i) 



M-P*(w oA)-> M~ ft (w' o A) such that HP(B'_ .(X)) 
Let 



'L(A) ifp = 0, 
otherwise. 



C*(A) =limB*. ft (A). 

Then by (J2SJ) and Proposition 

C P (A) = lim M~ ft (uioA)= W(w o A) for P eZ, 



.ew(i) 1 mew(A) 



^(C"(A)) = lim^(Sl ft (A)) = 



i(A) if p = 0, 
otherwise, 



and the differential d p : C P (X) -> C P+1 (A) has the form 

where dm',™ : oA) 4 W(u/ o A) is induced by the homomorphisms d 1 ^ w , : 

M _,3i (woA) — > M — ^'(ty'oA) with i = 1,2, . . . ,. To finish the proof of (ii) it remains 
to show that the map d w / lW is nonzero for w w' . 

Let w',w G W(A) such that w' — > w. We have the commutative diagram 



o A) <W > W{w o A) 
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for all i. By applying the functor G-p i we obtain the commutative diagram 
M(t ft w'oA) : — > M(t Pi wo\) 



Gg.(d„, „,/) 

W(t 8t w'oX) ' ■ > W(t Pt wo\). 
By Corollary 15.51 tW i ^ if and only if G 8i {d WlW i) ^ 0. Therefore it is sufficient 

to show that Gp t ((j>%.' ) o G 8i (d^ w ,) : M{t 8i w' oA) -> W^i^iu o A) is non-zero for 
a sufficiently large i. 

o 

Write w' = s wj with a S A re , a G A_. (This is possible because s Q = s_ a .) 
Then, for a sufficiently large i, 7 := ^ (a) s A+ and t 8i s a w — s^t^w — > t^w. The 
determinant formula |Freli Proposition 2 (2)] shows that the image of the highest 
weight vector of M{t 8i w' o A) = M(s^tp i wo A) in M(t 8i woX) is not in the kernel of 
the map G ft (^' A );JW(i ft wo A) -> Iffewo A). Therefore G ft (<?^'' A ) o G 0i (d^ w ,) 
is non-zero, and hence so is d w ^ w i. 

Finally we shall prove (i). Note that 

Hom B (W/(w' o A), W{w o A)) = limHom fl (M" ft (u;' o A), W(w o A)) 

and that Hom B (M _,3i (it/ o A), W(w o A)) is at most one-dimensional (see the proof 
of Proposition I6.7p . Hence from the proof of (ii) it follows that Hom(M - ^ (w' o 
A), W(wo\)) = < C<K oX °d^ l w , for a sufficiently large i and that the map Hom(M - ^> («/ 
A), W(w o A)) — > Hom(M~^ i (w' o A), W^(w o A)) is an isomorphism for sufficiently 
large i < j. This proves that Hom g (W(w' o A), W(iu o A)) is one-dimensional. □ 

Remark 6.11. By Theorem 16.101 (i) the resolution in Theorem 16.101 (ii) may be 
described in terms of screening operators as in |BF] provided that the existence of 
corresponding cycles are established, see e.g. [TK . 

The following assertion is an immediate consequence of Theorem 16.101 which 
generalizes |FF2i Theorem 4.1]. 

Theorem 6.12. Let k be an admissible number, A G Pt~£ • Then 

H^ +P (a, L(X)) = <C wo \ as f) -modules, 

wewp(x) 

H~ +p (Ln,L(X)) = Tr W o\+h v A as H-modules. 

6.6. A description of vacuum admissible representation. Let V k (g) be the 

o 

universal affine vertex algebra associated with g at level k: 

v k Cs) = u( )% ammCK) c k , 

where Cfe is the one-dimensional representations of fl[i]©Clf on which g[t] acts 
trivially and K acts as the multiplication by k. By |Fre21 Proposition 5.2] we have 
an injective homomorphism of vertex algebras 

V\l) W(kA ). 



o 
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1 ° 

Hence V (g) may be regarded as a vertex subalgebra of W(k\ ). 
Note that L(fcAo) is the unique simple quotient of V k (g). 

Proposition 6.13. Let k be an admissible number, $ : W(so o fcAo) — > W(k Ao) a 
non-zero Q-homomorphism. Then the image of the highest weight vector of W(sq o 

fcAo) generates the maximal submodule ofV k (o) C W(kAo). 

Proof. By [KWlj the maximal submodule of V h (g) is generated by a singular vector 
v of weight so o fcAo. Consider the two-sided resolution C* (fcAo) of L(fcAo) in Theo- 
rem ^. 101 (n). Because it is a resolution of L(kA ) and V k (g) C LL"(fcAo), the vector 
v must be in the image of d\, w : W(u> o fcAo) — > W(fcAo) for some w € W _1 (fcAo). 
Since the weight u? o fcA is strictly smaller than sq o fcA for w G M^ _1 (fcA )\{so}i 
the only possibility is that v is the image of the highest weight vector of W(sookA ). 
The assertion follows since dime Hom fl (Vy(s °fcA ), W(kA )) — 1 by Theorem l6.10l 
(i). ^ □ 

6.7. Two-sided BGG resolutions of more general admissible representa- 

o o 

tions. Let A G Prk,y with y — yt v , y G W, r\ G Q y . Then there exists Ai G Pr^ 
such that A = y o X 1 . Since t/(A(Ai) + ) C A^ e , T a : 0j> -> 0^ is exact, 

T y L(X 1 ) = L(A), 

o Ai) = Tj,]imM _A (u) oAi) = ]imT y M _ ^(to o A x ) 

S lim M~ v{Pi) (ywy- 1 o A) = W^ytuy -1 o A) 

o 

by (T21)|) , Lemmas 15.111 and 15.141 where (f3i, 02, ■ ■ ■ ,) is a sequence in P+ such that 

o o 

Pi — A-i ^ -P+ an£ i Hma(/3i) = oo for all a G A + . Therefore the following assertion 
follows immediately from Theorem 16.51 

o 

Theorem 6.14. . Let k be an admissible number, A 6 Pfk,y with y = yt^, y G W, 

o 

G Q v . Then there exists a complex 

C'(X) : • • • U 3 C- 2 (X) U C-\X) U C°(A) % C\X) % C 2 (X) % ■ ■ ■ 

in the category O of the form C l = (J) W^(woX), di — d W ',w- 

iuew(A) »w'(i), «o'ew 4 + 1 (X) 



£P(C"(A)) 



L(A) /or i = 0, 
/or i ^ 0. 



7. Semi-infinite restriction and induction 
7.1. Feigin-Prenkel parabolic induction. Let p be a parabolic subalgebra con- 

° o o o o ° 

taining b_, and let p = [©m_ be the direct sum decomposition of p, where I is 

° o o 

the Levi subalgebra containing h, and m_ is the nilpotent radical of p. Denote by 
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o o o o o o 

men the opposite algebra of m_ , so that g — p © m. Let 

s 

o o o 

1= to©® ti 

o o 

be the decomposition of I into direct sum of simple Lie subalgebras U, i — 1, . . . , s, 

o o o o o o 

and its center lo of [. Let t)j = [ D t), the Cartan subalgebra of U, and denote by 

o o o o o o 

Aj C A be the subroot system of g corresponding to L, IL = II n Aj. Let hY be 

o 

the dual Coxeter number of (with a convention — 0), #j the highest root of 

o o 

Aj, 9i : g the highest short roof of Aj. 

o 

Define the graded subalgebra U = U[t, t" 1 ] © Cif C g for i = 0, 1, . . . , s. Set 

Ki = WT) K ' 

o 

and we consider Ki as an element of [{. Thus, 

o o 

and t)i := ©CXi is a Cartan subalgebra of [j. 
Let 

' = * = ©*• 

i=0 i=0 

Then the grading of induces the grading of L 
For k 6 C define fco , . . . , k s € C by 

k =k + h v , h + ht = —?—(k + h y ) for i= l,...,s. 

Lemma 7.1. Lei fc &e an admissible number for q. Then ki, i = l,...,s, is an 
admissible number for the Kac-Moody algebra U. 

Let be the full subcategory of O consisting of objects on which K acts as 
the multiplication by k, and let O| fco fe % be the full subcategory of O l consisting 
of objects on which Ki acts as the multiplication by ki, i = 0, 1, . . . , s. Feigin and 
Frenkel |FF21 5.2], [Fre2, §6] constructed a functor 

F-indf : 0{ koM _ ks) -> 0», M -> F-indf (M), 

which enjoyes the property 

(40) F-indf (M) = SSLm® c M 

as modules over 

O O _ -i 

Lm = m[t, t \ c g. 

In particular F-indf is an exact functor. 

Denote by Wi t (A^) of U the Wakimoto module of the affine Kac-Moody algebra 
U with highest weig ht AM e and by L[(A W ) the irreducible highest weight 
representation of U with highest weight X^' (with a convention that W^A^ ') is 
the irreducible representation of the Heisenberg algebra Iq with highest weight A^ -*). 
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For A G t* let W^c(A) and Li(X) be the Wakimoto module and the irreducible highest 
weight representation of [ with highest weight A: 

s s 

W[(X) =(g)Wi t (\\ ht ), Lt(X) =<&L k {\\ hi ). 

i=0 i=0 

For A G h*, define A ( G t* by 

AiU =AU a^d(X l + Pi )(K i ) = -£—(X + p)(K) 
for i = 0, 1, . . . , s. 

Proposition 7.2 ( [FF2] ). For A G f)* we have F-ind£ W t (A t ) = W(X). 

o 

Proof. By using the Hochschild-Serre spectral sequence for Lm C a we see from 

0DJ that H^ +1 (a, F-indf VF,(A,)) = J C fol * = °' Hence the assertion follows 

10 otherwise. 

from Theorem 14.61 and the description of the functor F-indf in [Fre2 . 

□ 

7.2. Decomposition of integral Weyl groups. Let k be an admissible number 

o o 

with denominator q, A G Pr~£ . Let Wsi be the parabolic subgroup of W corre- 
sponding to U, W s = Wsi x Ws 2 x • • • x W Ss - Define af G A(A), i = 1, . . . ,s, 
by 



ay 



where and r^ is the lacing number of \i. Set Sq = s.(») . 

o , .« 

Let W(A)si be the subgroup of W(A) generated by Wsi and Sq . Then 
W(X) S = W(A) Sl x W(A) S2 x • ■ ■ x W(A) Ss 

o 

is the subgroup corresponding to YVs described in i j3.4l Let W(X) S C W(A) such 

that 

(41) 

W(X) = W(A) S x W(A) S , ^(u») =tf (u)+if (v) for u G W(A), « G W(A) S 
as in Theorem 13.31 

Let to, to' G W(A)s 4 G W(A) such that to to'. Then to o t . A^ = (to o A)^, 

where o[. is the dot action of W(X)s i on f)* and A[/ = Atl^. Let, for any to G W(A), 
to 0[. A[ G t* be a weight such that to o tj A[| [; = to o [4 a[ and to o ( . A[L = Ar^ for 
j ^ i. Then $ G Hom[ i (W^ (toO[. Aj ), (to' o l; x[^)) induces an I-homomorphism 
$ : Wi(w A) — > W[(to' 0[. A). By applying the functor F-indf we obtain a 
0-homomorphism F-ind®($) : W^to o A) — > W(w' o A) by Proposition 17.21 





if 


G ^long i 






if 


o 


r?\q 




if 


o 

9i G Aghort 
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Proposition 7.3. Let A G P^X , W,w' G W(X)s i such that w — ?> w' with i G 

{1,2, ...,s}. Then the above described correspondence $ n> F-indf(<£>) defines a 
linear isomorphism 

Rom u (W u (w o u A[^), W u (w' o t . a['°)) ^ Hom g (lf(woA),W(w'oA)). 

Proof. By Theorem l6.5l both Horxi[ i (PF[ ( («;o[.A, ), (it/o[.A[ )) and Hom 8 (W(wo 
A), W(w' oX)) is one-dimensional. But the correspondence $ H> F-indf ($) is clearly 
injective. □ 

7.3. Semi-infinite restriction functors. Let M G Of. Then H^ +p (Lm, M), 
p G Z, is an[-module on which Ki acts as the multiplication by ki, see e.g. |HT[ 
Proposition 2.3]. Hence 

S-resf := H^ +0 (Lm,?) 

defines a functor O s k -> 0\ kgki ^ ks) . 

Proposition 17.21 gives the following assertion. 

Proposition 7.4. For A G f)* we have H^ +1 (Lm, W(X)) — for i ^ and 

S-resf W(A) = Wi(A[)- 

For / G Hom[(W[(w; 0[. Xi),Wi(w' o l; A[)) let /, denote its restriction to the i- 
th component Wi i (w o t . Aj ), that is, /;(m) = f(v woi A <i) ® ■ ■ ■ ®m® . . . A w), 
where jJ ttto A (;> is the highest weight vector of W^ifw 0[. A[)W). 

Proposition 7.5. Let X G Pr^ and let w, w' G W(A)s i such that w —> w' as in 

§7.l?[ TTien \& i— > S-resf ('l')i gives i/ie linear isomorphism 

Rom B {W{w o A), W(w' o A)) ^ Homi, (W u (w o t . A[ l) ), (V o (i A^)). 

Proof. The assertion follows by observing that S-resf (F-indf(<i>)) = $ for $ G 
Rom u (W k (w o t . A[ ), W^O' o u X[ l) )) in the notation of gLl □ 

7.4. Semi-infinite restriction of admissible affine vertex algebras. The space 
S-resf (V k (g)) inherits a vertex algebra structure from V k (g) and we have an vertex 
algebra homomorphism 

(g)F fei ((i)^ S-resf (F fe (fl)), 

2 = 

o o 

where V ki (li) denote the universal affine vertex algebra associated with li at level 
ki. By composing with the map S-resf (V k (g)) — > S-resf (L(fcAo)) induced by the 
surjection V k (g) -» L(k Aq) this gives rise to a vertex algebra homomorphism 

.s- 

(42) (gK fci ([i)-> S-resf (L(kA )). 

i=0 
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Theorem 7.6. Let k be an admissible number. The vertex algebra homomorphism 
(u]|) factors through the vertex algebra homomorphism 

s 

(gjLi^Ao) S-res?(Lm,,L(fcA )). 

i=0 

Proof. Put A = fcA and let C'(X) be the two-sided resolution of L(kA ) in Theorem 
16.101 By the vanishing assertion of Proposition 17.41 the semi-infinite cohomology 

H^ + ' (Lxtii, L(X)) is isomorphic to the complex S-resf (C*(A)) obtained from C*(A) 
applying the functor S-resf. 

d.(i) 

Consider the map C^A) D W(s^oX) V W(X) C C°(A) for i = 1, . . . , s. By 
applying the functor S-resf this induces a non-zero homomorphism W[(sq o t . A[) — ► 

W^[(Ai) by Proposition [731 an d the image of the highest weight vector of Wi(sq^ 0[. 
A[) generates the maximal li-submodule of V ki (li) C W^Ai) by Proposition 16.131 
It follows that the maximal [-submodule of &) s i=0 V ki (\i) C 14^ (A) is in the image 
of S-resf : S-resf(C'- 1 (A)) -> S-resf (C°(A)). This completes the proof. □ 

o 

7.5. The case of minimal parabolic subalgebras. Consider the case that p is 

O O O O O , ... ^ Q'J 

generated by b_ and ej with j = 1, ...,£. Then [ = to © li , h = sVf and h = sl 2 . 

o 

Theorem 7.7 (p minimal). Let k be an admissible number and let M be a module 
over the vertex algebra L(kAo). Then, for each p G Z, H^ +p (Lm, M) is a direct 
sum of admissible representations of level k\ as s[ 2 -modules. 

Proof. By Theorem 17.61 ^^(fciAo) is a vertex subalgebra of S-res^(i(fcAo)) = 

H^+°{Lm, L(k A )). If M is a module over L(fcAo) then H +p (Lm, M) is a mod- 
ule over S-res^(L(fcAo)), and therefore it is a module over L^feiAo). On the other 
hand it is known by |AM| that any module over L[ ± (fciAo) in the category O' 1 must 
be a direct sum of admissible representations of li = sb- The assertion follows since 
H^ +p (Lm, M) is an injective limit of objects in O' 1 . □ 

The following assertion generalizes |HT[ Theorem 3.8] in the case that p is min- 
imal. 

o i 

Theorem 7.8 (p minimal). Let k be an admissible number, A G Pr~£ . Then 
H^+ p (Lm,L(X)) = L,((«;oA)[) 

»ew(A) s 

as [-modules. 

Proof. It is known by |FM| that L(X) with A G Pr^ is a module over L(AAo). 
Therefore H^ + °(Lm, L(X)) is a direct sum of irreducible admissible representations 
as sl 2 -modules by Theorem 17.71 Also, as is remarked in the proof of Proposition 
17.61 H £ s L+ ' (Lm. L(X)) is the cohomology of the complex S-res^(C"(A)) and we have 
S-resf(C p (A)) = © K , eVVP(A) Wi((w o A)c) by Proposition EH. Now Theorem 
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implies that 

{(w o \)i;w e W(A), (w o A)^]^ is a dominant weight for sl^} 

={(«joA)i;«)6W(A), (woAjJ 1 '^ is an admissible weight for st/**} 
={(wo\)i; W e W(A) S }. 

Therefore {[v^oA) J; w 6 W(A) s } forms a basis of H^ + '(Lm, L(A))'+ , where [w(u,oA),] 
is the image of the highest weight vector U(„, a), of Wt((w o A)[). This completes 
the proof. □ 

Remark 7.9. In the subsequent paper |A6j we prove that for an admissible number 
k any L(fcAo)-module in the category O 3 must be a direct sum of admissible rep- 
resentations. Hence it follows from the proof that the assertion of Theorem 17.81 is 

o 

valid for any parabolic subalgebra of g. 
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